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Random evolutions: From probability theory to fractional calculus
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Many interesting problems in science and engineering
fall into the category of random evolutions – processes
whose behavior is governed by a law that itself is sub-
ject to random changes [1]. The definition of a random
evolution is best clarified by an example.

A population of bacteria grows, when resources are
unlimited, at a rate directly proportional to its current
size N(t). The well-known differential equation

d

dt
N(t) = bN(t) (1)

expresses this growth process. The growth rate b is a real
number that depends on the conditions of the environ-
ment in which the bacteria live.

In an ideal in vitro experiment, the environment is
kept under control and b remains constant throughout
the entire observation time. The population growth from
an initial value N(0) is deterministic,

N(t) = N(0)ebt. (2)

More realistically, in an in vivo experiment the en-
vironment will change during the observation and the
growth rate along with it. In a random environment b(t)
becomes a stochastic processes. For instance, at time t
the value of b(t) may be selected from the set of constant
values (b1, b2, ..., bn) according to a Markov process. Con-
sequently the population size is governed by the stochas-
tic differential equation

d

dt
N(t) = b(t)N(t). (3)

The process N(t) describing the population of bacteria
in vivo is a simple example of a random evolution [1, 2].

It is natural to study the average behavior 〈y(t)〉 of a
random evolution y(t), which typically leads, after some
approximations, to a macroscopic equation of the form

d

dt
〈y〉 = F (〈y〉). (4)

Remarkably, a special class of random evolutions leads
instead to an integro-differential macroscopic equation

dα

dtα
〈y〉 = F (〈y〉), (5)

where dα

dtα is the Caputo fractional derivative opera-
tor with the fractional index falling inside the range
0 < α < 1. Such random evolutions are anomalous; the
system evolves intermittently with moments of activity
separated by dormant periods. This type of behavior
resembles the continuous time random walk, where the
walker waits for a random time after each step, and frac-
tional diffusion equations are known to govern the evolu-
tion of the probability density.

Random evolutions provide a framework for exploring
the probability interpretation [3] of fractional operators.
In this context, fractional order dynamical systems rep-
resent the average behavior of integer order dynamical
systems subject to fluctuations from either internal or
external sources. Many complex systems consist of in-
herently noisy elements and cannot be isolated from their
surrounding environment without losing practical mean-
ing. Therefore it is important to study random evolutions
that lead to fractional macroscopic equations in order to
be able to recognize when a fractional calculus descrip-
tion is appropriate. We plan to discuss this issue at an
introductory level with illustrations that include the con-
tinuous time random walk and the harmonic oscillator
with a randomly modulated frequency (e.g., from being
coupled to a network of oscillators).
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