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In the attempt to tackle the complexity of dynami-
cal processes on networks, diffusive ones are often the
entrance door to the analysis. Indeed, in spite of their
apparent simplicity, they can bend to model very diverse
processes, as information and epidemic spreading [1] but
also they can be used as a probe to explore real-world
data and uncover their hidden backbone structure, as
their modular partition or their node centrality [2]. With
this philosophy in mind, many past theoretical efforts
have shaved the temporal dimension from the picture,
assuming the diffusion as taking place, in some sense, in
a passive way upon a static network. Of course, both net-
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FIG. 1. Relaxation towards equilibrium of the probability distribu-
tion xi at a node for different probabilities p of connection between
two modules in the case of a power-law waiting time distribution,
here N = 10 for each module and β = 0.7. (inset) Variation of the
spectral gap for the Laplacian matrix spectrum λL = 1 − λT in
correspondence to the bridging probability p between two network
modules.

works and the processes on them are enclosed in time, as
our everyday experience witnesses and it can leave fin-
gerprints which are subtle to detect, like a fat-tailed dis-
tribution of inter-event times [5–7], which in the focus of
the present work.
Thus, in order to re-establish the temporal dimension

in the description, we considered a generalised continuous
time random walk process, which is particularly suited

to englobe non-exponential inter-event distributions. If
they have predominantly been studied on lattice-like [8]
or random structures [3, 9–12], it is only more recently
that researchers have combined both complex structural
and temporal patterns.

Here, we consider systems where the waiting time dis-
tribution has a power-law tail such that the average wait-
ing time diverges, of the form t→ ∞, ψ(t) ≈ t−(β+1), for
0 < β < 1. The distribution ψ(t) determines the dura-
tion of the stay on a node before the walker performs a
jump. Therefore this quantity directly affects the timings
on the random walk trajectory and, as a consequence of
ψ(t), the overall asymptotic behaviour shall be altered
in respect to the Markovian frame. Plugging ψ(t) in a
master equation for a continuous time random walk, we
show that the temporal evolution can be asymptotically
described by equations whose temporal derivative is frac-
tional, which reflects the non-Markovian nature of the
process. The equations reveal that the dynamical modes
asymptotically relax in a power-law fashion, as expected,
but also show that the contribution of all modes remains
non-negligible, for arbitrary long times. In particular, by
the use of Riemann-Liouville derivatives, the solution of
the fractional equation involves a generalised exponen-
tial function, namely the Mittag-Leffler function, whose
asymptotic behaviour is a power law of exponent β. The-
oretical results are tested against numerical simulations
on artificial networks and the results, although still on
small test systems, confirm the slow power law relax-
ation, which affects the dynamical modes, as shown in
the figure.

It appears then that the spectrum of the Laplacian
does not organize any more the diffusion in a hierarchy
of timescales, allowing to discriminate between groups of
nodes where the diffusion has already relaxed to the sta-
tionary state and others which, in the worst case, shall
relax with the slowest possible timescale, i.e. the sec-
ond smaller eigenvalue of the Laplacian. In contrast, the
introduction of a power law waiting time probability dis-
tribution, asymptotically induces in all the modes the
same relaxation thus effectively wiping out the localiza-
tion effect brought by the Laplacian spectrum by itself.
Therefore one straightforward consequence of such a pro-
cess is to blur the modular structure of a network and
this result can potentially have a particular impact, for
instance, on model reduction.
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